The brushless doubly-fed machine (BDFM) 
Introduction
In recent years, the wind power generation has been greatly commercialized because of the low air pollution and the high fuel efficiency [1] [2] . The most used generator in wind power generation is the Doubly Fed Induction Machine (DFIM) because of its small volume and low power converter [3] [4] [5] . However, the DFIM is a wound rotor induction machine and has brushes and slip rings, so it requires periodic services, thus induces extra maintenance costs [6] . To overcome the drawbacks of the DFIM, a good alternative has been proposed, the Brushless Doubly Fed Machine (BDFM) [6] [7] .
The first literature reports on the BDFM structure can be traced back to the early years of the twentieth century when [8] proposed a topology based on two DFIMs rotating on the same shaft with their rotor windings connected to form what was known as the 'cascaded DFIMs'. This structure was further improved by allowing a special single rotor to couple two independent three-phase windings known as power winding and control winding located on the stator. The stator windings are designed with different pole pair numbers to eliminate direct magnetic coupling [9] . In generation mode, the power winding is connected directly to the grid and the control winding is fed by a back-to-back converter [10] .
To obtain synchronous operation of the BDFM, an electromagnetic cross-coupling effect between the power winding and the control winding must be achieved such that the induced rotor currents evolve with equal frequencies. Recently, many mathematical models have been proposed to describe the steady-state and the dynamic behaviour of the BDFM for exploitation in implementing control strategies and studying its stability [11] [12] 7] .
In the reported literature, the stability of the BDFM has been studied by a lot of authors. Studied the stability of a cascaded DFIMs mounted in a single frame by using small signal analysis; they concluded that the cascaded DFIM has some areas of instability in open loop operation [13] . More recently, the same authors investigated the impact of parameters change on the stability of the cascaded DFIM and demonstrate that the real part of the dominant poles of the cascaded DFIM is dependent on the speed and load [14] . Later on, [15] analyzed the open-loop stability characteristics of the BDFM in equilibrium points based on the generalized theory of Floquet; they showed by simulation results a possible instability when the frequency of the control winding is high, but their experimental results disagree with those obtained by computer simulation. A decade later, [16] studied the open-loop stability of a small signal d-q unified reference frame model of the BDFM, and showed that stability area is dependent on machine parameters. One year later, [17] studied the stability of the BDFM under closed loop scalar current control, and showed by experimental BDFM set-up a stable behaviour along all the operation range.
It should be recognised that a contradiction arises between the arguments that the BDFM could attain a wide range open-loop stable operation [15, 17] and those that the BDFM is open-loop conditionally stable [13, 16] . From a control point of view, although of the discrepancy, nonetheless, closed-loop control is perpetually required to increase the stability margin and enhance dynamic performance. Consequently, more researchers became concentrated on closed-loop control schemes [18] [19] [20] . In previous works, the absence of a clear mathematical model leads to a weak stability analysis of the BDFM in generation mode, where their eigenvalues analysis cannot be performed directly.
To find analytical justifications for this problem, this paper proposes a new mathematical model of the grid connected BDFM taking into account both control and grid disturbances. With the proposed mathematical model of the BDFM, a stability study is carried out. The proposed BDFM mathematical model is a transfer matrix 2×4 between the stators voltages and the produced currents. The denominator of the transfer matrix is used to extract the eigenvalues and analyse the stability characteristics of the BDFM. Moreover, the effects of electrical parameters variation on the BDFM-stability is presented and widely investigated.
This paper is organized as follows. In Section 2 the small signal unified reference frame model of the BDFM in a wind energy system is derived. Section 3 presents a BDFM-stability study based on the proposed model and applied to a selected benchmark machine. Finally, the conclusion is drawn in section 4.
Mathematical Model of the BDFM
The principle of using a grid-connected BDFM in generation mode in a wind turbine is illustrated in Figure 1 . In this variable speed structure, the control winding is connected to the grid through a partially rated power electronic converter. Based on the set of electromagnetic equations of the BDFM expressed in the a-b-c coordinate system, the machine model aligned with the power winding flux and expressed in the d-q unified reference frame is given by the following expressions [12] . The voltage equations are: 
The magnetic flux equations are:
With:
Where [12] .
Substitution of the flux Equations (4)- (6) into the Voltage Equations (1)- (3) yields:
Given the nonlinearities inherent to the previous model represented by Equations (9)- (11), a simplification can be justified under the assumption of small variations in the rotor's mechanical angular speed. Thus, for the case of a wind energy conversion system operating around an angular speed value ro  which depends on the wind nominal speed (7) and (8) become:
Where the new subscript o denotes the steady state quantities. Now, combining Equations (9), (10) and (11) 
The transfer function matrix in Equation (14), defines the BDFM as a four-input twooutput linear system. Entries 
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The bloc diagram of the BDFM is illustrated by Figure 2 .
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The linearized mathematical model of the BDFM in Equation (14) defines a multivariable linear structure in the s-domain which allows application of all tools and techniques made available by linear control theory for stability analysis and controller design of the machine. Under synchronous conditions the two stator windings will co-operate to induce the same frequency and distribution of currents in the rotor cage and, the synchronous operation speed is equal to:
Thus, the synchronous angular frequency of currents and voltages in the stator control winding is given by:
Note that the BDFM model depends on the variable rotor's angular speed ro  on one hand and, on the less electrical parameters of the machine (resistances, self-inductances, coupling inductances) on the other hand.
Stability Analysis of the BDFM
In the following, the proposed model is used to carry out a stability analysis of a selected benchmark machine [19] . This machine has one pole pair in the power winding, and three pole pairs in the control winding. The electrical parameters of the prototype are given in Table 1 in the appendix. The simulation results are obtained using Matlab.
BDFM Stability Analysis with Respect to the Operating Speed Change
The first step in the analysis process is the determination of the coefficients of the common denominator 
Given that some coefficients are functions of the operating velocity ro  , the positions in the complex domain of the roots of   as evolve accordingly and, define six different poles. The Figure 3 shows the evolution of the real part of the conjugate-complex-pairs poles for a velocity varying from zero up to 1500 rpm (1500 rpm represents the double of the synchronous speed 
BDFM Stability Analysis with Respect to Electric Parameters Changes
Further simulations have been conducted to study the impact of electric parameters changes on the machine stability. Particular interest has been given on the effect of variations in rotor's resistance r R and self-inductance r L , as these parameters can undergo significant variations with rotor's temperature increase during machine operation [21] [22] . The variation of a parameter x can be expressed as:
The relative uncertainty in percent has been used rather than the absolute one:
With the same method, the variation of the eigenvalues can be mapped with respect to any parameter desired. Figure 7 shows that the rotor resistance variations don't affect the stability of the BDFM. But variations in the rotor self-inductance can destabilize the BDFM. In order to make sure the BDFM stable, variations in r L should not be under (-16%) of its nominal value. However, in fault conditions (rotor bars broken) the rotor electric parameters will decrease seriously, so the risk of being unstable will rise dramatically. Figures 8 and 9 represent the area of stability for variations in resistance and self-inductance of the stator power winding and stator control winding respectively when the rotor turns at rated speed. R by -40% from their nominal value can destabilize the BDFM. The decrease in stator electric parameters can be arrived not only due to temperature variation, but also due to fault conditions (short-circuit in electrical winding). By knowing the position of the poles, the behaviour of any BDFM can be predicted on one hand. On the other hand, this approach compared to other studies, give the opportunity to the optimization theory to take place, and contribute before the construction phase to get an optimal BDFM.
Conclusion
In this paper, a new mathematical model of the brushless doubly fed machine is derived, and a stability analysis is achieved in open loop operation. This study is done for wide operating rotor speed, and for stators and rotor parameters variation. The stability investigation of a selected benchmark BDFM is based on the calculation of the eigenvalues of the open-loop BDFM system. The obtained results indicate that the BDFM is stable over all speed range and, small variations in the electrical parameters don't affect its stability. However, it has been also shown that the BDFM can be unstable especially when one of the self-inductances decreases seriously. A serious diminution in electrical parameters can only happen in the case of shortcircuit in the stator windings or, a break of some rotor bars.
